In the framework of massive gravity with a de Sitter reference metric, we study homogeneous and isotropic solutions with positive spatial curvature. Remarkably, we find that bounces can occur when cosmological matter satisfies the strong energy condition, in contrast to what happens in classical general relativity. This is due to the presence in the Friedmann equations of additional terms, which depend on the scale factor and its derivatives and can be interpreted as an effective fluid. We present a detailed study of the system using a phase space analysis. After having identified the fixed points of the system and investigated their stability properties, we discuss the cosmological evolution in the global physical phase space. We find that bouncing solutions are generic. Moreover, depending on the solutions, the cosmological evolution can lead to an asymptotic de Sitter regime, a curvature singularity or a determinant singularity.
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I. INTRODUCTION
After the recent discovery of a two-parameter class of massive gravity theories [1] that are not plagued by the Bouldware-Deser ghost [2] , there has been an intense activity to investigate the cosmological consequences of these models and of their extensions. In particular, it was shown that ghost-free massive gravity with Minkowski as fiducial metric does not admit spatially flat FLRW solutions [3] , although it does admit open FLRW solutions [4] . Using a more general fiducial metric (which also leads to ghost-free massive gravity [5] ), one can find FLRW solutions of arbitrary spatial curvature. This applies to the interesting case of a de Sitter fiducial metric, which was studied in [6] and [7] . Cosmological solutions have also been investigated in other works (see e.g. [8] ). Beyond the question of their existence, one should stress that the viability of cosmological solutions depends on their stability properties and most cosmological models of massive gravity, including its extensions such as quasi-dilaton massive gravity [9] and mass-varying massive gravity [10] , seem to suffer from severe instability problems (see e.g. [11] and [12] for recent reviews). It is thus not yet clear whether a theory of massive gravity is physically viable or not.
In the present work, we explore a surprising property of massive gravity. Working in the context of massive gravity defined with respect to a de Sitter metric, we show that the Friedmann equations for ordinary matter in a spacetime with positive spatial curvature admit bouncing solutions, which would be forbidden in classical general relativity. Indeed, let us recall that the Friedmann equations in Einstein gravity read
where a(t) denotes the scale factor, H ≡ȧ/a the Hubble parameter and the constant k characterizes the spatial curvature; ρ and P denote the energy density and pressure of the cosmological fluid. It is clear that the above Friedmann equations admit bouncing solutions, i.e. a transition from a contracting phase (H < 0) to an expanding phase (H > 0) with a bounce characterized by H = 0 andḢ > 0, for FLRW spacetimes with positive spatial curvature (k > 0), but at the price of violating the dominant energy condition (ρ + 3P ≥ 0). This implies that a bounce in classical gravity can be obtained with a scalar field in a closed FLRW spacetime (see e.g. [13] ). However bounces with ordinary cosmological matter (e.g. radiation or pressureless matter), which satisfies the strong energy condition, are forbidden in general relativity. In massive gravity (on the Sitter), extra terms appear due to the presence of a potential term in the gravitational action. It is convenient to interpret these new terms in the Friedmann equations, as an effective gravitational fluid with energy density and pressure of the form [7] 
where m g is the mass of the graviton and H c the constant Hubble parameter characterizing the de Sitter reference metric (note that there is no explicit dependence on a in the spatially flat case). We stress that, despite this convenient reinterpretation, these effective energy density and pressure do not come from an additional ad hoc exotic matter. They are purely gravitational and fully determined by the physical and fiducial metrics. As a consequence, the equation of state of this gravitational "fluid" cannot be tuned. It is thus remarkable that, for a large range of initial conditions, one obtains bouncing solutions with ordinary matter. The corresponding Friedmann equations are of the form (1.1) with
where ρ m and P m denote, respectively, the energy density and pressure of the ordinary cosmological fluid. The plan of this paper is the following. In the next section, we present our model and derive the cosmological equations of motion. In the subsequent section, we analyse in detail the evolution of the dynamical system, by identifying the fixed points and then exploring their linear stability. Depending on the values of the parameters, we draw the corresponding phase portraits. In the final section, we give a short summary and discussion of our results.
II. SETUP AND MAIN EQUATIONS
We consider a theory of massive gravity, similar to that introduced in [1] , but where the reference metric is chosen to be de Sitter instead of Minkowski. Note that de Sitter possesses as many symmetries as Minkowski spacetime, but is now characterized by a constant parameter associated with the spacetime curvature. The gravitational action, where g µν denotes the usual metric minimally coupled to matter, can be written in the form
where R is the Ricci scalar for the metric g µν (and g its determinant) and where the potential terms are given explicitly by
with
Here the standard matrix notation is used (i.e. (K 2 )
) and the brackets represent a trace; the square root of a matrix is defined such as (
Here we focus our attention on closed FLRW universes, whose metric can be written in the form
where Ω ij denotes the metric of a unit 3-sphere:
As in our previous work [7] , the reference metric is taken to be de Sitter (a similar choice is considered in [6] for flat FLRW solutions; see also [14, 15] ). In order to make the correspondence between the abstract de Sitter spacetime and the physical closed FLRW (2.4), we choose a coordinate system that provides a closed slicing of de Sitter:
The mapping between de Sitter and our FLRW universe is described by the Stückelberg fields X A = Φ A (x µ ). With the above choice of coordinates, the FLRW symmetries are automatically satisfied by the simple prescription
Under this ansatz, the de Sitter metric is mapped into a homogeneous and isotropic tensor in the physical spacetime, with components
Inserting the two metric tensors g µν and f µν into the definition (2.3), one finds that the components of K µ ν are given by
where we have assumed hereḟ > 0. After substitution of the above expressions into the action, one finds that the potential part of the gravitational Lagrangian takes the form
The variation of the action with respect to the time-like Stückelberg field f (t), which appears only in L mg , thus yields the constraint
where b and its derivative b ′ are evaluated at T = f (t). There are two ways to satisfy the above constraint. The first possibility is to solve algebraically the quadratic equation between the brackets. One finds in general two solutions given by
which correspond to the branches where the mass term behaves as a cosmological constant.
The second possibility, which we will consider in the following, is to impose that the last factor in (2.10) vanishes, i.e.
Let us stress that the cosmological solutions in this branch are necessarily accelerating, since the time derivative of Eq (2.12) yields (with N = 1)ä
Note that assumingḟ < 0 initially (with K 0 0 = 1 +ḟ /N ) would lead to the same conclusion. Using the explicit form of the function b, given in (2.5), one can solve Eq (2.12) to determine the expression of the Stückelberg field f (t): 14) and therefore
In the following, it will be convenient to introduce the new function C, defined as
By construction, we always have the inequality |H|/H c ≤ C.
Variation of the total action with respect to the lapse function N (t) and the scale factor a(t) yields the following Friedmann equations (we have set N = 1 after the variation):
where the extra terms arising from the massive gravity potential can be interpreted as an effective energy density and an effective pressure, defined respectively as
One can obtain expressions that depend explicitly on the scale factor and its derivatives by replacing the ratio b/a with C andḟ byḟ
which follows from Eq. (2.14).
In the following we will restrict ourselves to the case α 3 = α 4 = 0 for simplicity. The evolution equations (2.17)-(2.18), together with (2.19)-(2.20), can be rewritten in terms of C and H as
where we have introduced the dimensionless quantities
The variable R m is time dependent and its evolution is determined by the energy conservation equation, which readṡ
and we will assume an equation of state that satisfies the strong energy condition, i.e. −1/3 < w ≤ 1. Using the relationĊ
which follows from the definition Eq (2.16), one can write down an equation of motion for C in the forṁ
Note that the fact that our cosmological solutions must be accelerating, i.e.ä > 0, as discussed earlier, means that the right hand side of (2.23) is restricted to be positive.
III. ANALYSIS OF THE DYNAMICAL SYSTEM
We now investigate in a systematic way the dynamical evolution of the system introduced in the previous section. We would like to know, starting from arbitrary initial conditions, how the Universe is going to evolve and what its final fate will be. Since the evolution of the system is determined by the two time-dependent functions H(t) and C(t), it is convenient to describe the cosmological evolution in a two-dimensional diagram. To understand the generic behaviour of this dynamical system, it is crucial to identify its fixed points, which we do just below. In the second part of this section, we study the behaviour of the system in the vicinity of these fixed points and then discuss qualitatively the global cosmological evolution by plotting phase portraits.
Let us first introduce a dimensionless Hubble parameter and a dimensionless time, defined respectively by
The cosmological evolution can be rewritten in terms of dimensionless quantities as follows:
Note that this system is invariant under the changes h → −h and τ → −τ , which means that the regions h > 0 and h < 0 of the phase diagram are symmetric up to a time reversal.
A. Fixed points
Let us first identify the fixed points satisfying h = 0, in which case the right hand side of (3.2) vanishes and the right hand side of Eq (3.3) reduces to
The fixed points correspond to the values of C (together with h = 0) for which the above expression vanishes. We thus find C = 0 and the solutions of the quadratic equation inside the brackets,
which exist if C H ≤ 0 or if
Note that when C H = C * H (w), or equivalently λ = λ * (w) with 
The dependence of C ± b on C H , or equivalently on λ, is illustrated in Fig. 1 . It is also possible to find fixed points away from the axis h = 0. Eq (2.26) implies that such fixed points must satisfy
. Note that this condition corresponds, according to the definition (2.16) of C, to the limit of C when a ≫ H −1 . Substituting this condition into the right hand side of Eq (3.2) and imposing that it vanishes leads to the equation
with solutions
These solutions exist provided
which correspond, respectively, to the intervals −1 < λ ≤ 0 and λ < −1 or λ ≥ 8. The dependence of C ± ∞ on C H is also plotted in Fig. 1 . 13) while the two constraints are now given by
1 a
Before investigating the stability of the fixed points in the next subsection, let us mention another special value of C, namely C H , where the equations of motion become singular. The limit C → C H corresponds to a curvature singularity, sinceḢ diverges in this limit. We encountered the same curvature singularity in our study of flat FLRW solutions in massive gravity on de Sitter [7] .
B. Stability of the fixed points
In order to understand qualitatively the evolution in the phase space, it is useful to study the evolution of linear perturbations around the fixed points that we have identified. Introducing the perturbations 16) and linearizing the evolution equations with respect to δC and δh, we obtain a linear system of the form
where E is a short notation for the 2 × 2 matrix on the right hand side. The stability properties of the system around any fixed point can be deduced from the eigenvalues of its evolution matrix E,
If Det(E) < 0, the eigenvalues are real and have different sign: the fixed point is a saddle point. If Det(E) > 0, the two eigenvalues, when real, have the same sign, which is given by Tr(E): if both eigenvalues are negative, the fixed point is an attractor because all flows converge towards it; conversely, if both eigenvalues are positive, the fixed point is a repeller. Moreover, depending whether the eigenvalues are real or imaginary, the fixed point is said to be nodal or spiral, respectively. Let us first consider the fixed points defined by C = C ± b , which are located on the axis h = 0. Their evolution matrix reads
The trace and the determinant of the matrix are thus
The eigenvalues are real if Det(E) < 0, giving a saddle point; purely imaginary if Det(E) > 0, in which case the fixed point is spiral. According to Fig.1 , one can easily see that the case Det(E) > 0 is possible only for the fixed point C − b , provided C H is the range C * H (w) < C H < 4/3. In all other cases, the fixed points C ± b are saddle points. One can proceed in a similar manner for the fixed points C ± ∞ . Their evolution matrix reduces to
where h ∞ = ±C ∞ . The two eigenvalues of the matrix are simply −3(1 + w)h ∞ and −2h ∞ . The fixed points in the region H > 0 are thus attractors while the fixed points in the H < 0 are repellers. Let us mention briefly the fixed point at the origin, which is a saddle point. Since it is located at a corner of the physical phase space, only the quadrant on its right is relevant.
It is also worth noticing that the vector field tangent to the flow becomes vertical on the axes C = C ± ∞ , which means that trajectory cannot cross these axes. As a consequence, if the constraint (3.14) is satisfied initially, it will remain so in the future. However, this is not the case for the constraint (3.15). Indeed, one can check that the flow is not vertical on the axes C = C ± b , so that a trajectory can a priori cross these boundaries in phase space. Therefore, even if the constraintä > 0 is satisfied initially, some of the phase space trajectories can reachä = 0 during their evolution. Although this transition is perfectly regular from the point of view of Friedmann's equations, it is problematic from the point of view of the underlying massive gravity theory whereä = 0 corresponds toḟ = 0, in which case the tensor f µν becomes degenerate. In other words, the coordinate transformation between the abstract de Sitter space and the FLRW coordinates, embodied by the Stückelberg fields, becomes singular: det(∂ µ φ A ) = 0. It is intriguing that this determinant singularity, following the terminology used in [16] , which signifies a breakdown of the massive gravity framework, at least in its present formulation, does not appear at all in the cosmological evolution at the level of the Friedmann equations.
C. Global analysis
After having analysed the stability of the various fixed points separately, we now present a global discussion on the existence of the fixed points and their stability, depending on the value of the parameter C H (or equivalently λ). In each case, we will draw the corresponding phase portrait.
Phase diagram in the case CH > 3/2 (i.e. λ < −1). All fixed points are defined, but the fixed point (C + b , 0) is outside of the region allowed by the constraint (M), and is therefore not represented. The region between C − b and CH is forbidden by the constraint (A). The trajectories that approach C = CH are singular in this limit, which means they cannot cross the boundary C = CH .
As discussed earlier, and illustrated in Fig. 1 , the existence of the various fixed points that we have identified depends on the value of C H . The fixed points C ± b exist only if C H ≤ 0 or C H ≥ C * H (w), whereas the existence of the fixed points C ± ∞ requires C H ≤ 0 or C H > 4/3. Taking also into account the special value C H = 3/2 (corresponding to infinite λ) for which the constraint (M) is not defined, one can distinguish five intervals for the parameter C H , separated by the values 3/2, 4/3, C * H (w) and 0, in decreasing order.
This case is illustrated in Fig. 2 . All fixed points C ± b and C ± ∞ exist and they are ordered as
The second constraint (M) implies that the trajectory must be inside the region
Within this region, the system accelerates, i.e. satisfies the constraint (A), only in the two subregions In this parameter range, we still have the existence of all fixed points with the same ordering (3.24) as in the previous case. However, the constraint (M) now excludes the region between C − ∞ and C + ∞ , so that the allowed region is
The fixed point C − b and the singular line C = C H are thus irrelevant in this case. Taking into account the constraint (A) as well, the second region gets restricted so that the final allowed regions are We should consider separately the degenerate case C H = 4/3, for which
The two repellers (h < 0) merge into a single repeller at (4/3, −4/3). Similarly, the two attractors with h > 0 merge into a single attractor at (4/3, 4/3). Moreover, the fixed point C − b disappears since the right hand side of (3.13) reduces to The exclusion region due to the constraint (M) disappears and the allowed region satisfying the constraint (A) is simply
The qualitative behaviour is exactly the same as in the allowed region of the non degenerate case, as illustrated in Fig. 4 .
In this case, the fixed points C ± ∞ do not exist and we are left with the fixed points C ± b on the H = 0 axis. The hierarchy is now given by
(3.32)
Since C H < 3/2 and the two roots C + ∞ and C − ∞ are imaginary, the constraint (M) is automatically satisfied, whereas the constraint (A) implies
(3.33)
We thus find an excluded region between C H and C In the region C ≤ C H , there is no fixed point (except the origin) and the trajectories evolve from the line C = C H with h < 0 towards the same line with h > 0. All solutions correspond to bouncing solutions but they are singular 
There is no fixed point in this case and the constraint (A) imposes the condition
The evolution is phase space is similar to the special limit C H = C * H (w) discussed previously. Once again, all solutions are bouncing and connect the lower C = C H axis to its upper part. corresponding to the determinant singularity.
IV. SUMMARY AND DISCUSSION
In this paper, we have studied closed FLRW solutions in the context of massive gravity with de Sitter as fiducial metric. We have found that bouncing solutions are generic when cosmological matter satisfies the strong energy condition (w > −1/3). This is in contrast with classical general relativity where closed bouncing solutions require cosmological matter that violates the strong energy condition. The different outcome in the massive gravity framework is due to the presence of extra terms, which arise from the potential term in the gravitational action.
We have also investigated the dynamical evolution of the cosmological system by resorting to standard phase space analysis. Introducing a two-dimensional phase space spanned by the variables C and h = H/H c , we have identified the fixed points of the system. Their number depends on λ = m , and two pairs of points symmetric with respect to the h = 0 axis and localized on the h = ±C lines. There also exists a vertical line C = C H where the solutions encounter a curvature singularity. For all values of the parameter λ, we have found that bouncing solutions are generic.
In summary, the cosmological solutions can have three different fates (and corresponding origins, by time reversal). These fates are analogous to those encountered in the spatially flat case, discussed in our previous work [7] . The first fate is a regular asymptotic de Sitter regime (corresponding to C ∞ ). The second possibility is that the Universe ends in a curvature singularity (C = C H ). Finally, the third possibility is to reach a singularity specific to massive gravity, on the boundary C = C b , whereḟ = 0 and the tensor f µν = 0 thus becomes degenerate. Intriguingly, there is no trace of this singular behaviour at the level of the effective Friedmann equations. This means that if one works directly with the generalized Friedmann equations, without worrying about the underlying theory, one can simply continue the cosmological evolution across this boundary where nothing seems to happen, except that the solution is decelerating after the transition 2 . This might indicate that this type of singularity could be resolved in an extended framework of massive gravity, as suggested recently in [16] .
